This analysis evaluates certain infinite integrals continuing products of Bessel functions of integer order, an exponential and a power. The integrals considered here have been previously evaluated in the literature in two different forms. In one instance they have been written in terms of complete elliptic integrals of the first, second, and third kind. Some of these integrals have also been evaluated in terms of a Legendre function of the second kind and a complete elliptic integral of the third kind. A recent result in elasticity obtained by the authors has led to a new form for the evaluations of these integrals. The integrals are still evaluated in terms of complete elliptic integrals; however, a new modulus (and parameter for the complete elliptic integral of the third kind) is used. The new form used for the complete elliptic integral of the third kind allows the integral evaluations to be written in a more convenient form than previously given. The new form for the complete elliptic integral of the third kind is also utilized in the evaluations using the Legendre function of the second kind. The new forms to the integral evaluations derived presently are correlated with existing results in the literature.
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Introduction.
The development of integral transforms has led to great advances in problem-solving capabilities within the field of mathematical physics. In particular, the Hankel transform has found a wide usage for solving problems where the form of the boundary conditions naturally leads to a cylindrical coordinate system (Sneddon, 1972) . Well-known examples of this in potential theory include determining the potential for the circular ring or disc of unit charge. Present interest stems from the field of linear elasticity where Hankel transforms have been extensively used to solve many types of boundary-value problems (Sneddon, 1951) . In some instances where Hankel transforms are used, the unknown transform function turns out to be a Bessel function of integer order. In this case the inverse transform is an infinite integral containing a product of two Bessel functions of integer order, an exponential and a power. Generally there are three parameters in these integrals, one in the argument of the exponential and one in the argument of each Bessel function.
For an isotropic half space subjected to a uniform pressure loading over a circular area on the surface, Terazawa (1916) showed that a Hankel transform solution leads to integrals of the type noted above. It was shown by Muki (1960) that a uniform shear loading also leads to integrals of this type. Apparently the first systematic discussion of these integrals was presented by Eason et al. (1955) . Eight integrals of this type were evaluated in terms of complete elliptic integrals of the first, second, and third kind. Recurrence relations were also derived which could be used to evaluate additional integrals. They used the forms of the complete elliptic integrals which were tabulated by Heuman (1941) . Hence Heuman's Lambda function was used in place of the complete elliptic integral of the third kind. They also noted a result by Sura-Bura (1950) and showed that their expression for this particular integral was equivalent.
These inverse Hankel transform integrals generally represent some physical entity. For example, in the elasticity problem of uniform pressure loading over a circular area on a half space, the integrals represent the elastic displacement and stress fields throughout the body and contain three parameters.
The parameter in the exponential is the z-coordinate directed into the half space. There is also a different parameter in the argument of each Bessel function; one represents the polar radius in cylindrical coordinates and the other is the radius of loading. An interesting feature is noticed when examining the results in Eason et al. (1955) . It is apparent that when the integral evaluation does not contain Heuman's Lambda function, only one expression is needed to evaluate the integral for all values of the parameters.
However, when the integral evaluation also contains Heuman's Lambda function, two different expressions are given for the integral evaluation depending on the relative magnitude of the polar radius with respect to the radius of loading.
Since the elastic field inside the half space is continuous and has continuous derivatives, it is troublesome that the expressions are different depending on being inside or outside the radius of loading.
Intuition would lead one to expect a single expression which is valid at every point in the half space.
In a recent paper (Hanson and Puja, 1996 ) the authors reconsidered the problem of uniform normal and shear loading on the surface of a half space. This new solution was derived for a transversely isotropic material. Rather than use Hankel transforms, the method developed by Love (1929) , who also considered the isotropic half space, was utilized. The solution to this problem has provided a new relation between different forms of the complete elliptic integral of the third kind. Using this result, the elastic field was written as a single expression for all values of the coordinates.
The new forms for the complete elliptic integrals are used below to re-evaluate the results in Eason et al. (1955) in more convenient expressions.
The present results are broken down into several small sections which are now outlined. In Sec. 2, a particular integral of the class considered here is related to the linear elastic potential function in Hanson and Puja (1996) . This will allow certain integral evaluations to be written down directly from the results in their paper. Section 3 presents the definitions of the complete elliptic integrals along with the new modulus and parameter. The forms used by Eason et al. (1955) are discussed in Sec. 4 and the relations between their forms and those used presently are considered in Sec. 5. Section 6 presents differentiation formulas necessary to obtain some of the results in the present paper. Section 7 gives the new evaluations to certain integrals and they are compared to Eason et al. (1955) in Sec. 8. The result derived by Sura-Bura (1950) is compared in Sec. 9. Sections 10 and 11 give new evaluations to additional integrals.
As a final point it is noted that a few integrals of the class considered here have also been evaluated in terms of a Legendre function of the second kind (Erdelyi, 1954; Byrd and Friedman, 1971 ). Some of the integrals considered here have been evaluated in terms of this Legendre function and the complete elliptic integral of the third kind by Hasegawa et al. (1992a,b) who investigated some axisymmetric problems in linear elasticity.
In these last two papers, the choice of the modulus and parameter in the complete elliptic integral of the third kind is identical to Eason et al. (1955) . Thus their expressions are subject to the same comments as above. In Sec. 12 these integrals are evaluated with the new modulus and parameter for the complete elliptic integral of the third kind, along with the Legendre function of the second kind.
Alternative
representation.
The object of this paper is to evaluate some infinite integrals involving products of Bessel functions, an exponential and a power. Using the definition of Eason et al. (1955) , these integrals are denoted as
Jo where a, p, and z are nonnegative quantities. In the present paper we will only consider integer values of /.i, v, and A. In this case the integral can be evaluated in terms of complete elliptic integrals of the first, second, and third kinds. As the starting point for the present method, an alternative expression for /(/x, v; A) is sought for a particular set of values of p, v, and A. We start with the integral evaluation (Gradshteyn and Ryzhik, 1980 
where a and R are defined as a2 = p2 + Pq -2pp0 cos(8 -60), R2 = a2 + z2.
Now the Bessel function may be expanded using the addition theorem (Watson, 1980) OO JoK)
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Combining the above results leads to the following representation for the reciprocal of the distance between the points (pQ, 9q) on the surface of a half space and the interior point (p, 0, z) as
The last step is to multiply the above equation by p0 dpo <10{] and integrate both sides from 0 < po < a, 0 < 80 < 27r. Using orthogonality of the Fourier series and the result /' J 0 £p0Jo(£po) dpo = aJi(^o), (6) the final expression takes the form c2tt pa rzir ra -t rOO J J RPodp°d0° = 27TaJ
Introducing the logarithmic potential function %/;(p,z) as
Jo Jo it is easy to verify
The function ip(p, z) is the linear elastic potential function for a uniform normal pressure applied to the surface of an isotropic (Love, 1929) or transversely isotropic (Hanson and Puja, 1996) half space. The various derivatives of ip(p. z) have been recently evaluated in terms of complete elliptic integrals of the first, second, and third kinds by Hanson and Puja (1996) . Using these new results and Eq. (9) will allow to be conveniently evaluated for integers p, v, and A.
Elliptic integrals
and parameters. In this section the complete elliptic integrals of the first, second, and third kinds are defined as well as the parameters that will be used. These elliptic integrals are denoted as F(fc), E(fc), and H(n, k) respectively. They are given in Legendre normal form as (Gradshteyn and Ryzhik, 1980) dx r/2 dd
where k is called the modulus, k' = (1 -fc2)1/2 is the complementary modulus and n is referred to as the parameter (0 < k,k',n < 1). The evaluation of I(p, v\ A) will be explicitly written in terms of a, p, z, and the two parameters li(a),l2{a) given as
These parameters, first introduced by Fabrikant (1989) , allow the three-dimensional distance between the point (a, 0,0) on the surface of a half space and the interior point (p, <f>, z) to be written in two-dimensional form. That is,
where I % (a) + l\{a) = p2 + a2 + z2, li(a)l2{a) -ap.
Note that it is easy to see l\(a) < l2(a), while it can also be shown that /i(a) < p. In the solution derived subsequently, the modulus k and the parameter n in Eqs. (10) (11) (12) will be given as k=iM n=M,
Under this definition of the modulus and parameter, it can be shown that 0 < k2 < n < 1. This situation is a circular case, classified as case II by Byrd and Friedman (1971) . 
and it is easily shown that 0 < k2 < p < 1.
In order to compare with the expressions derived in the present paper, the following relations are needed: 
Eq. (17), Ao(a,/?) can now be written as
Transformation formulas for complete elliptic integrals. Since the integral evaluations by Eason et al. (1955) involve the quantities p and ks while the present evaluations are in terms of n and k, some conversion formulas are necessary in order to verify equivalence. These are provided by Landen's or Gauss' transformation (see Byrd and Friedman, 1971) . For the complete elliptic integrals of the first and second kind, the transformations are
A similar type of relation is needed to convert between II(p, ks) and II(n, k). This was recently derived by Hanson and Puja (1996) for z > 0 as
An additional result that will be required is now obtained. 
This formula can be written in general form as
which agrees with a result given in Byrd and Friedman (1971) . In the present analysis, Eq. (26) will be utilized since it is a simplification of the above equation to the present definitions of k and n.
There are several other transformation formulas in Byrd and Friedman (1971) for the elliptic integral of the third kind. Although these formulas might lead to Eq. (24) above, the author was not able to demonstrate this in a simple fashion. 6 . Differential formulas for elliptic integrals. In this section some differential formulas for complete elliptic integrals of all three kinds are presented or derived. Prom Eqs. (10-12) these integrals depend on the parameters fc and n. These two parameters are functions of p, a, and z through Eq. (16) . To differentiate the complete elliptic integrals with respect to p, a, or z, the chain rule may be used. The necessary derivatives needed for the complete elliptic integrals of the first and second kinds are given by Gradshteyn and Ryzhik (1980) as
Additionally, one can verify the results dk 2 zk dk a(a2 + z2 -p2) dk p(p2 + z2 -a2) dz = ~l22{a)(l -k2Y dp = ^(a)(l-fc2) ' da = -k2) '
where we have used the following differential relations provided by Fabrikant (1989) :
It will also be necessary to differentiate the complete elliptic integral of the third kind with respect to the variables p, a, or 2. The derivatives with respect to k and n are given by Byrd and Friedman (1971) as (29) an(n, k) k
he last results needed for application of the chain rule are the derivatives of n. These
Putting these equations together, the derivatives of II(n, fc) become dll(n, fc) <9II(ra, k) dn dYl(n,k)dk
9II(n, fc) 3II(n, k) dn dH(n,k)dk dp dn dp dk dp = ~q(a)(l ~ k2)2^ + l2{a)(l -k2)F^ + /4(o)(l -jfe2)n(n> (35) 7. Evaluations for integers less than 2. Now the integral in Eq. (1) is evaluated when fi, v, and A take on the values -1,0, and 1. Without loss of generality, fi and v are taken as 0 or 1 since J-n(x) = ( -1 )nJn(x). Since /j and u can take on two different values and A three, there are a total of twelve different combinations.
However, the integral 7(0,0;-1) is nonconvergent and not presently considered leaving eleven possibilities. Many of these integrals will be expressed in terms of derivatives of the potential function ip(p,z) defined in Eq. (8) . These derivatives have been evaluated by Hanson and Puja (1996) and the necessary results are taken from there. The remaining evaluations will be found by using the relations above.
As a starting point, Eq. (9) Integrating the above equation with respect to z yields /(l, 1;-1) = = « + 'JlWE(k) 2na dp 2 p nap Z y+ll{a)}¥{k)-Z{a\ ,P\(n,k). where what appears to be a misprint in the denominator of the equation defining k j has been presently corrected. It is easy to verify directly that
leading to the results 
7rt2 (a) where k\=k has been used along with the identity from Fabrikant (1989) :
In the present notation, Sura-Bura's formula in Eq. (51) 10. Evaluations when p or v may be 2. In this section the integral in Eq. (1) is evaluated when either p or u or both take on the value 2. The parameter A is still -1, 0, or 1. As in Sec. 7, some of these integrals can be written as derivatives of the potential function ip(p,z) defined in Eq. (8) . Also, the potential function x(Piz) which is the integral of ip(p, z) with respect to z will be used. The function x(p, z) is the linear elastic potential function for uniform shear loading over a circular area on a half space. Various derivatives of both ip(p, z) and x(p, z) are tabulated in Hanson and Puja (1996) .
The evaluation of two integrals can be written down directly in terms of ip(p,z) as I(l,2;0) = -^e-2^A2VM a 2zl2(a)",, > ^zl2(a)",,. 2za
where the differential operator A2 is defined in Hanson and Puja (1996) . Integrating Eq. 
Additional results can be obtained from the recurrence relation (Eason et al., 1955) 2v, A) = pl{iu,i/ + 1; A + 1) + pl{p,v -1; A + 1). Interchanging a and p in the last two expressions and using Eq. (26) also gives Interchanging a and p in the last expression and using Eq. (26) gives the final result:
[p2 -a2 + 2z2] 3 zl2(a) 2 p2 -npr (0,2; -1) = ~ " 2 -^-^E(fc) 11 . Evaluations when A = -2,2. The remaining integrals to be evaluated are when the parameter A takes on the values -2 or 2 while p or v are less than or equal to 2. There are 18 integrals in this category.
However, the three integrals 7(0,0;-2), 7(1,0;-2), and 7(0,1;-2) are nonconvergent.
The 15 convergent integrals can be evaluated by differentiation of the above results or by the recurrence relations in Eason et al. (1955) . Further details are omitted and the results are now given as
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It was noted in the introduction that Hasegawa et al. (1992a,b) evaluated the integrals considered presently in terms of a Legendre function. However, his choice of the parameters in the complete elliptic integral of the third kind was consistent with that used by Eason et al. (1955) . The integral evaluations given by Hasegawa et al. (1992b) were shown to agree with the above equations using the transformation formula in Eq.
(24). 13 . Evaluations on the axis p = 0 and at the surface z = 0. In physical problems where these integrals may appear as the solution for some field quantity, p would usually represent the cylindrical coordinate radius measured from the z-axis where z > 0 for convergence. It might therefore be required to evaluate the above integral evaluations at p = 0 or z = 0.
Since p appears in the denominator of many of the above expressions, the individual terms in a particular integral evaluation become infinite. However, these infinities cancel when all terms in an expression are considered.
To obtain the analytical expression for these integrals when p = 0, one could use the power series expansions for the elliptic integrals given in Sec. 8 of Hanson and Puja (1996) . An easier approach is available however. To this end we return to the definition for I(p,, u\ A) given in Eq. (1) . The function Jv(p€) can be expanded in a power series in p and the resulting integrals evaluated very easily. This procedure leads to the p -» 0 expansions given in Appendix A for the various integers /x, v, and A.
To evaluate these integrals when z -> 0, the following limits can be used:
where min is the minimum of the two values and max is the maximum. Thus k and n become i P i a k = ~, p < a; k=-, p > a, a p a2 n = 1, p < a; n= p > a.
P (106)
The only difficulty in evaluating the expressions at the surface results from the complete elliptic integral of the third kind. From Eq. (12), it is seen that when z -> 0 with p < a (n -» 1), this elliptic integral tends to infinity. However, in the integral evaluations above, this elliptic integral is multiplied by z which tends to zero. To evaluate this limit, Eq. (24) can be used providing the result
z-* 0 2 z->0
From the above three equations, the values of any of the integrals can be found for 2 -* 0.
14. Discussion and conclusions. In this paper certain infinite integrals involving products of Bessel functions of integer order have been evaluated. These integrals have been investigated and evaluated previously by Eason et al. (1955) . They used an integral representation for I(p, v, A) in terms of a hypergeometric function which allowed the evaluation in terms of elliptic integrals for various integer values of the parameters. This evaluation procedure led naturally to a certain definition of the modulus ks and parameter p in their elliptic integrals. This choice of parameters and the use of Heuman's Lambda function led to evaluations for some of the integrals that had different forms depending on the relative magnitudes of p and a. Since these integral evaluations are generally some physical quantity such as displacement or stress fields in linear elasticity, the requirement of needing different expressions in different regions to represent continuously differentiable functions is a bit disconcerting.
In a recent paper Hanson and Puja (1996) evaluated the elastic field for a uniform normal or shear loading on a transversely isotropic half space. Following Love's (1929) method of solution, they determined the elastic fields by directly evaluating the double integral of the potential function.
Since this problem could also be formulated using Hankel transforms, the integral evaluations in their paper could be used to directly evaluate some of the integrals considered here (as done in Sec. 7). However, their alternative method of evaluation led to new forms for the elliptic modulus k and parameter n. This new form has allowed I(p, u\ A) to be evaluated in terms of a single expression, continuous and differentiable everywhere, for all values of the parameters p, z, and a. In some instances this new form has also allowed these integral evaluations to be put in a simpler form.
As a final point, we note that the present work has correlated the present integral evaluations with those existing in the previous literature.
The required transformation formulas were presented in Sec. 5. It was found that all previously evaluated integrals were consistent with the present results.
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